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SUMMARY 
A model is presented which can be used to incorporate the effects of fric- 
tion and tortuosity along crack surfaces through a constitutive law applied to 
the interface between opposing crack surfaces. The problem of a crack with a 
saw-tooth surface in an infinite medium subjected to a far-field shear stress 
is solved and the ratios of Mode-I stress intensity to Mode-I1 stress intensity 
are calculated for various coefficients of friction and material properties. 
The results show that tortuosity and friction lead to an increase in fracture 
loads and alter the direction of crack propagation. 
INTRODUCl ION 
The essential ingredients which enter a Linear Elastic Fracture Mechanics 
(LEFM) analysis are stress intensity factors and fracture toughness. These 
quantities can be used to predict fracture initiation loads as well as the 
direction of crack propagation. Stress intensity factors have been obtained 
for a large variety of loadings and specimen geometries. In most of these 
analyses cracks are modeled as discontinuities possessing smooth and friction- 
less surfaces. For Mode-I type loadings the assumption that the surfaces of a 
crack are smooth and frictionless i s  quite satisfactory, but for Mode-I1 load- 
ings or mixed-mode loadings this assumption may lead to erroneous results if 
the crack surfaces are tortuous and/or offer frictional resistance to sliding. 
For such problems the effects of tortuosity and friction must be accounted for 
in order to capture the physics of the phenomena and to correctly assess the 
stress intensity factors. This can be seen by considering the crack shown in 
figure l(a). Let us assume that this crack was modeled as being smooth and 
frictionless. If a far-field shear stress (an apparent Mode-I1 loading) is 
applied to this crack, the model would predict a zero Mode-I stress intensity 
factor. In reality, the Mode-I stress intensity factor is not zero, since the 
displacement of a point along the surface of the 
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crack has bo th  a normal and a t a n g e n t i a l  component. The t a n g e n t i a l  component 
w i l l  r e s u l t  i n  a Mode-I1 s t ress  i n t e n s i t y ,  w h i l e  t h e  normal component w i l l  
r e s u l t  i n  a Mode-I s t r e s s  i n t e n s i t y .  
Cracks o f  the  type  shown i n  f i g u r e  l ( a )  have been observed i n  many po ly -  
c r y s t a l l i n e  and aggregate m a t e r i a l s .  Some examples a r e  meta l ,  ceramic, con- 
c r e t e  and b r i t t l e  geo- and b io -ma te r ia l s  such as rock and bone, r e s p e c t i v e l y .  
Methods o f  ana lys is  f o r  mixed-mode f r a c t u r e  due t o  t o r t u o s i t y  a r e  p r i m i t i v e .  
Clech e t  a l .  ( r e f .  1 )  have observed and analyzed to r tuous  cracks propagat ing 
a long t h e  i n t e r f a c e  between cancel lous bone and t h e  cement which b inds an a r t i -  
f i c i a l  j o i n t  t o  i t .  The i r  ana lys i s  considered f a i l u r e  under Mode-I load ing ,  
where the  t o r t u o s i t y  was modeled as a n o - s l i p  i n t e r f a c e .  The ques t ion  a r i s e s  
as t o  what would be the most e f f i c i e n t  way t o  model t h e  problem i f  t h e  s t r u c -  
t u r e  i s  subjected t o  mixed-mode load ing .  One approach would be t o  mode l - the  
geometry o f  t h e  crack sur faces e x p l i c i t l y  i n  a f i n i t e - e l e m e n t  ( o r  boundary 
element) mesh, assign a c o e f f i c i e n t  o f  f r i c t i o n  t o  t h e  crack sur faces,  and t o  
so lve  the  non l inear  s t r e s s  ana lys i s  problem. Th is  technique i s  obv ious ly  cum- 
bersome. Concrete i s  another m a t e r i a l  f o r  which f r i c t i o n  and t o r t u o s i t y  p l a y  
a s i g n i f i c a n t  r o l e  d u r i n g  crack propagat ion ( r e f s .  2 t o  5 ) .  Recent ly,  
I n g r a f f e a  e t  a l .  ( r e f .  5 ) ,  us ing  the  f i n i t e  element method, have modeled f r i c -  
t i o n a l  i n t e r l o c k  e f f e c t s  i n  concrete as d i s t r i b u t i o n s  o f  normal and shear 
s t resses a long the i n t e r f a c e  between opposing crack sur faces.  The i r  model, 
however, does n o t  account f o r  t he  p r e v i o u s l y  discussed coup l i ng  between crack 
s l i d i n g  displacements and crack opening displacements.  Riggs and Powell pres-  
e n t  a rough c rack  model f o r  the ana lys i s  o f  concre te  i n  re fe rence 6. T h i s  
model possesses many d e s i r a b l e  fea tures  compared t o  p rev ious  at tempts a t  rough 
crack model ing bu t  i s  complex and has a number o f  e m p i r i c a l  constants  t h a t  
r e q u i r e  s p e c i f i c a t i o n .  
I n  t h i s  paper a model i s  presented which can be used t o  c h a r a c t e r i z e  t h e  
e f f e c t s  o f  f r i c t i o n  and t o r t u o s i t y  a long crack sur faces n an e f f i c i e n t  and 
r e a l i s t i c  manner. In t h i s  model the  crack sur faces a r e  assumed t o  be g l o b a l l y  
smooth, and t h e  roughness and f r i c t i o n  a r e  i nco rpo ra ted  through a c o n s t i t u t i v e  
law a t  t he  i n t e r f a c e  between opposing crack sur faces.  Th is  c o n s t i t u t i v e  law 
conta ins  i m p l i c i t l y  t h e  coup l i ng  between the  t a n g e n t i a l  and normal components 
o f  t he  displacement o f  a p o i n t  on the  i n t e r f a c e  ( t h i s  phenomenon i s  r e f e r r e d  
t o  as d i l a t a n c y ) ,  and can t h e r e f o r e  g i v e  r i s e  t o  Mode-I s t ress  i n t e n s i t y  fac -  
t o r s  even when the a p p l i e d  load ing  i s  apparent ly  Mode 11. 
CONS1 1 ' I U l  I V E  LAW 
I n , t h i s  sec t ion  we rev iew the  development o f  a n a l y t i c  r e l a t i o n s  between 
incremdhts UT crack sur face  t r a c t i o n  and crack s l i d i n g  and opening d i sp lace -  
ments. This  theory was f u l l y  developed i n  ( r e f .  7 )  and i s  analogous t o  the  
theory  o f  continuum e l a s t o - p l a s t i c i t y .  The sur face  between t w o  bodies coming 
i n t o  contac t  i s  assumed t o  be g l o b a l l y  smooth as shown i n  f i g u r e  2 ( a ) .  A t ten-  
t i o n  i s  focused on a t y p i c a l  p a i r  o f  i n i t i a l l y  ad jacent  p o i n t s  on t h e  con tac t  
sur face  as -shown i n  f i g u r e  2 (b ) ;  these p o i n t s  a r e  shown separated f o r  c l a r i t y  
and the roughness t h a t  the  sur faces have i s  n o t  shown and w i l l  be considered 
subsequent ly.  
The t r a c t i o n  t h a t  i s  supported by the  crack sur face  a t  t he  con tac t  p o i n t  
i n  ques t ion  has tangen t ia l  and normal components which a r e  denoted by ut 
and on, r e s p e c t i v e l y .  The crack s l i d i n g  and opening displacements a t  the  
con tac t  p o i n t  p a i r  a r e  denoted by g t  and gn, respec t i ve l y , 'where  
2 
t - 
Y g n = u  - u  Y 
In equations (1) and (2), ux and uy are horizontal and vertical dis- 
placements (i-e., displacements tangential and normal to the global crack 
surface), respectively, while superscripts + and - denote points on the 
contact surface associated with the upper and lower bodies of material, 
respect i vel y . 
It is assumed that the relative displacements of the crack surface are 
additively composed of reversible (elastic) and irreversible (plastic) parts 
i = t,n 
where superscripts e and p denote the elastic and plastic parts of the 
deformation. In equation ( 3 ) .  the plastic part represents the permanent defor- 
mation due to sliding (and perhaps damage), which has components in the normal 
direction (due to dilatancy) as well as i n  the tangential direction. The elas- 
tic part represents deformations that occur independently of sliding such as, 
for example, presliding deformability. Such recoverable deformations have been 
observed in a large variety of experiments between materials such as metals, 
ceramics, and rocks (refs. 8 to 10). The stress that the interface supports 
is assumed to be related to the elastic part of equation (3) by 
where the summation convention is applied to repeated indices and 
the interface stiffnesses, the determination of which will be addressed 
short 1 y . 
Eij are 
To prescribe a method for determining the plastic displacements, it is 
necessary to assume that (1) a scalar valued slip function F = F(ut,q,, ... 
can be defined such that F < 0 corresponds to presliding conditions, F = 0 
corresponds to sliding and F > 0 i s  not possible, and ( 2 )  there exists a 
linear relationship between increments of traction and plastic deformation. 
Under these assumptions, it can be shown (ref. 1 1 )  that 
if F < 0 or dF- < 0 
where G is the slip potential whose gradient gives the direction of the 
plastic deformation and ?. is a nonnegatlve scalar that gives its magnitude. 
Expressions for F and G can be obtained by considering the idealized rough- 
ness shown in figure 2(c). If the friction on the active asperity surface is 
governed by Coulomb's law, then 5 -vu2 where is the coefficient of 
friction, u1 and 62 are the tangential and normal stresses on the asperity 
surface and the convention that compressive stresses are negative is employed. 
By stress transformation, this equation can be expressed in terms of the global 
3 
stresses ut and an (ref. 7). This procedure leads to the following forms 
for the slip function and slip potential 
+ ut cos akl + IJ (un COS a - ut sin ak) k F = Idn sin a 
G = Iun sin ak + ut COS akl 
where k = R or L depending upon which asperity surface is active 
(fig. 2(c)). 
Combining equations (3) to (5) leads to the constitutive relation I 
where 
or 
Eep = Eij if F < O  or d F < O  13 
( 7 )  
and H is a hardening or softening parameter that can account for the damage 
of crack surface roughness. In this paper we take H equal to zero. 
The following remarks about the constitutive law should be noted: 
(1) Equation (8) is an explicit relation between increments of crack sur- 
face tractions and the resulting crack sliding and opening displacements. 
Unlike some other theories for dilatant crack surface problems (ref. 12) in 
which equation (8) is postulated at the outset and the 
Etn 
rule, this theory provides an explicit and unambiguous method for determining 
Eep 
(particularly the 
Eij 
and E:!) are determined either experimentally or according to some ad hoc 
13 - 
(2) The theory presented in this section is essentially a "continuum" 
theory of friction except that we refer to continuum in the sense of continuous 
area rather than continuous volume. The traction components ut and an 
entering into the theory are the average or macroscopic stresses that the crack 
surface supports rather than the exact stresses. Furthermore, the global crack 
surface is smooth and the effects of roughness (e.g., dilatancy) are built into 
the slip rule and slip potential. 
(3) The use of the decomposition in equation (3) in conjunction with 
equation (4) can be considered a relaxation of compatibility of crack surface 
displacements consisting of impenetrability and presliding stick. In order to 
render the violation of compatibility insignificant, it is necessary to make 
the interface stiffnesses 
of the adjacent medium. 
relatively large compared to the stiffness "d In t is investigation, we take Ejj = Paij, 
where dij is the Kronecker delta and P is a penalty number. The penalty 
number has no physical significance and is chosen based on computational con- 
venience. Values of P that are two to four orders of magnitude greater than 
the shear modulus of the adjacent medium were used and provided solutlons in 
which incompatibilities were extremely small. Larger values of P sometimes 
gave numerical difficulties due to ill-conditioning while smaller values o f  
P gave slightly excessive incompatibility. 
(4) It is assumed in this research that the amount of tangential sliding 
is small enough so that the asperity peak o f  one surface does not override that 
of the other surface. For situations in which this is not the case, the theory 
can be supplemented with an additional set of conditions as discussed in 
reference 7. 
COMPLIANCE MAT R IX 
The problem which will be solved to demonstrate the significance o f  fric- 
tion and tortuosity is shown in figure 1. The singular integral equations that 
govern this problem are 
where T- is the far-field shear stress, ut and On are the shear 
and normal stresses applied to the crack surfaces, G is the shear modulus, 
k = 3 - 4~ for plane strain, v being Poisson's ratio, and f(t) and e(t) 
are the dislocation densities, which are related to the crack sliding and crack 
opening displacements by 
1 
t ux - u i  = I f(t) dt = gt 
1 t - 
e(t) dt = gn uY - uY = I, 
Because the crack is closed at the endpoints the dislocation densities must 
satisfy the following conditions 
Since ut and an depend on the relative displacements between the crack 
surfaces, the singular integral equations are nonlinear. In order to solve 
these equations efficiently, a compliance matrix will be developed that relates 
the stresses at the collocation points arising from the applied loads to the 
values of the opening (or sliding) of  the crack at the integration points. The 
method relies on the numerical procedure developed by Gerasoulis (ref. 13). 
5 
which i s  used t o  reduce t h e  I n t e g r a l  equat ions t o  a system o f  a lgeb ra i c  equa- 
t i o n s  f o r  unknown values o f  e ( t )  and f ( t )  a t  d i s c r e t e  p o i n t s  i n  the  i n t e r -  
v a l  [-1.11. Wi th  the a i d  o f  t he  compliance m a t r i x ,  i t  w i l l  be p o s s i b l e  t o  
o b t a i n  t h e  c rack  opening and crack s l i d i n g  displacements f o r  a g iven s t r e s s  
d i s t r i b u t i o n  on the crack surfaces by s o l v i n g  s imultaneous a lgeb ra i c  equat ions 
and hence, t he  need t o  repeated ly  so lve  t h e  i n t e g r a l  equat ions and i n t e g r a t e  
the d i s l o c a t i o n  dens i t i es  i s  e l im ina ted .  The procedure f o r  o b t a i n i n g  t h e  com- 
p l i a n c e  m a t r i x  i s  descr ibed i n  d e t a i l  i n  re fe rence 14 and i s  on l y  reviewed 
here. Fo l l ow ing  ( r e f .  13),  f ( t )  and e ( t )  a r e  expressed by 
-1 /2 
(16) 
2 -1 /2 
e ( t )  = J r (W1 - t 1 2 f ( t )  -7 + ( t ) ( l  - t ) 
and cp(t) and Jr(t) a re  approxtmated as p iecewise quadra t i c  on the  i n t e r -  
v a l  [-1.11. The r e s u l t  i s  t h a t  t he  i n t e g r a l  equat ions a r e  reduced t o  a system 
of a l g e b r a i c  equat ions through t h e  quadrature formulas g i ven  i n  ( r e f .  13).  
r e s u l t s  can be w r i t t e n  symbo l i ca l l y  as 
The 
N 
where c1 = 2G/n(k t 1) ,  N i s  t he  number o f  i n t e g r a t i o n  po in ts ,  N - 1 i s  t h e  
number o f  c o l l o c a t i o n  po in ts ,  and the  weights Wi(Xk) and v i ,  as w e l l  as 
the  c o l l o c a t i o n  po in ts  x i  and i n t e g r a t i o n  p o i n t s  t i  a r e  g iven i n  ( r e f .  13) 
( t h e  l o c a t i o n s  o f  the  i n t e g r a t i o n  and c o l l o c a t i o n  p o i n t s  a r e  shown schemat ica l l y  
i n  f i g u r e  3 ( a ) ) .  These equat ions can be w r i t t e n  as 
where mat r ices  [ L ]  and [MI represent  the  nodal  values o f  t he  s t resses a long the  
crack sur faces and the crack c losu re  cond i t i ons .  To o b t a l n  the  compliance 
ma t r i ces  f o r  the crack the inve rse  o f  m a t r i x  [ G I  i s  obtained, and the  produc t  
i s  i n t e g r a t e d  term by term t o  o b t a i n  a m a t r i x  oi t h i s  m a t r i x  and ( 1  - t ) 
[ C ]  which w i l l  be c a l l e d  the  compliance m a t r i x  f o r  t h i s  p a r t i c u l a r  geometry. 
l h i s  m a t r i x  w i l l  r e l a t e  the values o f  crack s l i d i n g  displacements ( o r  crack 
opening displacements) a t  t he  i n t e g r a t i o n  p o i n t s  t o  the  values o f  t he  shear ( o r  
normal) s t resses  a t  the c o l l o c a t i o n  po in ts ,  t h a t  i s  
-1 /2 2 
6 
where is a rectangular matrix with dimensions (N,N-l.. We wish to point 
out that'kecause of the technique employed to determine the compliance matrix, 
the locations at which the crack opening and crack sliding displacements are 
determined (ie., the integration points) are different from the locations of 
crack surface tractions (i.e., the collocation points). Furthermore, the 
number of displacement points is one greater than the number of stress points. 
In order to eliminate the computational difficulties associated with differing 
numbers of collocation and integration points, we present in the following sec- 
tion a method for rendering the compliance matrlx square. 
The stress intensity factors are proportional to the values of the func- 
tions 4 and qt at the endpoints (ref. 13) and can be obtained by pre- 
multiplying matrices [ L ]  and [MI by the inverse of matrix [GI. The details of 
the calculations can be found in references 13 and 14. We note that the com- 
pliance matrix for shear loading is the same as that for normal loading. This 
is because the Green's functions for the two problems are the same. 
NUMERICAL SOLUTION 
Before writing equations (23) and (24) in matrix form, it is necessary to 
make the compliance matrix square. Because the number of integration points 
is odd (ref. 13), there is an integration point at the center of the crack. 
By eliminating the equation corresponding to this point from equation (23), the 
number of displacement points is reduced by one and the compliance matrix 
becomes square. Following this procedure the location of the displacement and 
stress points become as shown in figure 3(b). The compliance matrix is now 
denoted by [C] and is given by 
where i,j = 1,2, ..., N-1. The modified forms of equations (23) and (24) can 
now be written collectively i n  incremental form as 
where 
'N-1 I' 
7 
w i t h  s i m i l a r  d e f i n i t i o n s  f o r  {dgn) and {dun). d-r, i s  a vec to r  w i t h  N-1 
components, each equal t o  the  increment i n  t h e  a p p l i e d  load ing .  
same, t h e  l oca t i ons  o f  these p o i n t s  a r e  d i f f e r e n t  as shown i n  f i g u r e  3 (b ) .  
c o n s t i t u t i v e  law given by Eq. ( B ) ,  however, r e l a t e s  t h e  crack sur face  s t resses  
a t  a p o i n t  t o  t h e  displacements a t  t h e  same p o i n t .  The crack displacements a t  
the  s t ress  p o i n t s  can be expressed i n  terms o f  those a t  t h e  i n t e g r a t i o n  p o i n t s  
by i n t e r p o l a t i o n .  For example, t h e  r e l a t i o n  between the  crack s l i d i n g  d i s -  
placements a t  t he  s t r e s s  p o i n t s  and the  c o l l o c a t i o n  p o i n t s  i s  g i ven  by 
Although t h e  number o f  d isplacement p o i n t s  and s t r e s s  p o i n t s  a r e  now t h e  
The 
where t h e  c o e f f i c i e n t s  o f  [ T I  a r e  zero except f o r  
T i , i  = T i , i  t 1 = 0.5 when 1 5 1 ( N  - 1 ) / 2  
T i , j  = 0.75 when i = (N t 1 ) / 2  
T i , i  1 = 0.25 when i = (N - 1 ) / 2  
T i , i  - 1 = 0.25 when i = (N t 1) /2  
T i , j  = 0.75 when i = (N t 1 ) / 2  
T i , i  - 1 = T i , i  = 0.5 when (N t 1) /2  i 5 N - 1 
Combining equations ( B ) ,  (26) ,  and (29)  leads t o  
which i s  a system o f  simultaneous non l i nea r  a l g e b r a i c  equat ions t o  be so lved 
f o r  t he  incremental  crack opening and s l i d i n g  displacements.  By t a k i n g  smal l  
increments i n  f a r - f i e l d  shear loading,  good convergence was a t t a i n e d  i n  t h e  
numerical  work, where {EeP) was computed a t  each s tep  us ing  the  dlsplacement-  
s t r e s s  c o n f i g u r a t i o n  f rom the  prev ious s tep and t r e a t i n g  equat ion  (31) as 
l i n e a r  w i t h i n  each load increment.  
RESULT-S 
The problem shown i n  f i g u r e  1 was solved f o r  t he  var ious  combinat ions o f  
m a t e r i a l  p roper t i es  l i s t e d  i n  t a b l e  I. Figures 4 t o  6 a re  p l o t s  o f  s t r e s s  
i n t e n s i t y  fac to rs  as func t i ons  of t he  f a r - f i e l d  shear s t r e s s  f o r  severa l  values 
o f  the  un i fo rm asper i t y  angle a. I t  can be seen f r o m  these f i g u r e s  t h a t  as 
a increases,  KI increases,  w h i l e  KII decreases. The reason f o r  t h i s  
i s  t h a t  f r i c t i o n a l  res i s tance  and the  k inemat ic  c o n s t r a i n t  p rov ided by the  
jagged surfaces r e s i s t  c rack s l i d i n g  displacements and t h e r e f o r e  reduce 
The d i l a t a n c y ,  on the o ther  hand, produces a normal gap between the  crack 
sur faces,  t he re fo re  i nc reas ing  KI. 
t h a t  r e s u l t  i n  crack initiation accord ing t o  t h e  maximum p r i n c i p a l  s t r e s s  c r i -  
KII. 
The curves i n  f i g u r e s  4 t o  6 have been te rmina ted  a t  t h e  values of T, 
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t e r i o n  ( r e f .  15), which p o s t u l a t e s  t h a t  crack growth w i l l  occur i n  a d i r e c t i o n  
perpend icu la r  t o  t h e  maximum p r i n c i p a l  s t r e s s  
t o  t h e  va lue  of up i n  an equiva lent  Mode-I case. The angle a t  which t h e  
c rack  w i l l  extend w i t h  respec t  t o  the h o r i z o n t a l  i s  g i v e n  by re fe rence 15. 
up, when t h i s  va lue i s  equal 
and t h e  f r a c t u r e  c r i t e r i o n  i s  
e KIc = KI cos3 2 - 3KI cos2 8 s i n  T (33)  
where K l c  i s  t h e  f r a c t u r e  toughness. 
f u n c t i o n s  o f  Q .  The angle o f  extension e i s  a l s o  shown on these f i g u r e s .  
A s  seen f rom these curves, t h e  e f f e c t  o f  t o r t u o s i t y  and f r i c t i o n  i s  t o  inc rease 
t h e  f r a c t u r e  s t r e s s  and t o  decrease the  ang le  o f  extens ion.  I n  order  t o  sepa- 
r a t e  t h e  e f f e c t s  o f  f r i c t i o n  f r o m  those o f  t o r t u o s i t y ,  t h e  case o f  s t e e l  was 
analyzed f o r  var ious c o e f f i c i e n t s  o f  f r i c t i o n .  I t  can be seen f rom f i g u r e  7 
t h a t  f r i c t i o n  has a s i g n i f i c a n t  e f f e c t  on t h e  f r a c t u r e  s t r e s s .  When a = 40° 
and p = 0.0, t h e  inc rease i n  f r a c t u r e  s t r e s s  w i t h  respec t  t o  zero t o r t u o s i t y  
i s  approx imate ly  20 percent ,  w h i l e  f o r  p = 0.2 t h i s  inc rease i s  40 percent ,  
and f o r  p = 0.5, i t  i s  approximately 90 percent .  
F igures 7 t o  9 a r e  p l o t s  o f  the  f r a c t u r e  s t r e s s  f o r  severa l  m a t e r i a l s  as 
DISCUSSION 
From t h e  r e s u l t s  obta ined i n  t h i s  i n v e s t i g a t i o n ,  i t  can be concluded t h a t  
f r i c t i o n  and t o r t u o s i t y  have a s i g n i f i c a n t  e f f e c t  on crack t i p  s t r e s s  f i e l d s  
when a crack i s  subjected t o  mixed mode load ing .  I n  t h e  example problems 
so lved i n  t h i s  paper t h e  increase i n  f r a c t u r e  s t r e s s  (as p r e d i c t e d  f rom t h e  
maximum p r i n c i p a l  s t r e s s  theory )  w i t h  respec t  t o  zero f r i c t i o n  and t o r t u o s i t y  
ranged f rom 3 t o  100 percent .  
maximum p r i n c i p a l  s t r e s s  theory were a l s o  a f f e c t e d  by t h e  Mode-I s t r e s s  i n t e n -  
s i t y  which a r i s e s  f rom t h e  d i l a t a n c y  o f  t h e  i n t e r f a c e  between opposing crack 
sur faces.  
The crack ex tens ion  angles as p r e d i c t e d  f rom t h e  
Al though t h e  use o f  the  compliance m a t r i x  developed i n  s e c t i o n  3 renders 
t h e  numerical  problem very a t t r a c t i v e ,  i t  i s  l i m i t e d  t o  s imple geometries. The 
e f f e c t s  o f  t o r t u o s i t y  and f r i c t i o n  i n  problems w i t h  a r b i t r a r y  geometries can 
be conven ien t ly  analyzed us ing  the  c o n s t i t u t i v e  law i n  c o n j u n c t i o n  w i t h  t h e  
f i n i t e  element method o r  boundary element method. 
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TABLE I .  
H50 S t e e l  
Concrete 
Sintered S i l l c o n  
Carbide Ceramic 
I I I I I 
18  30 000 0 . 3  0 . 2 0  
1 3 000 . 2  .50 
4 59 000 .14 .30 
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T 
(A) GLOBALLY SMOOTH, BUT MICROSCOPICALLY ROUGH CRACK I N  AN 
I N F I N I T E  MEDIUM. 
(B) MATHEMATICAL IDEALIZATION. 
FIGURE 1. - PROBLEM CONFIGURATION. 
(A) GLOBALLY SMOOTH CONTACT SURFACE. 
,///i/// r 
TFT5s-V 
(B) LOCAL TANGENT-NORMAL COORDINATE SYSTEM AT A CONTACT 
POINT PAIR (SURFACES ARE SHOWN SEPARATED FOR CLARITY 
AND ROUGHNESS I S  NOT SHOWN). 
N 
t 
(C) IDEALIZATION OF ROUGHNESS. 
FIGURE 2. - TWO-DIMENSIONAL CONTACT PROBLEM. 
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1 2  N-2 N-1 
(A) LOCATIONS AS OBTAINED FROM [131.  
(B) MODIFIED LOCATIONS PROPOSED I N  
SECTION 4. 
FIGURE 3. - LOCATION OF INTEGRATION AND 
COLLOCATION POINTS. 
5or STEEL. 
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FIGURE 4. - STRESS INTENSITY FACTORS AS FUNCTION OF 
APPLIED LOADING (STEEL). 
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FIGURE 5. - STRESS INTENSITY FACTORS AS FUNCTIONS 
OF APPLIED LOADING (CERAMIC). 
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FIGURE 6. - STRESS INTENSITY FACTORS AS FUNCTIONS 
OF APPLIED LOADING (CONCRETE). 
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FIGURE 7. - FRACTURE INITIATION LOADS AS 
FUNCTIONS OF ASPERITY ANGLE AND COEFFI- 
CIENT OF FRICTION (STEEL). 
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FIGURE 8. - FRACTURE I N I T I A T I O N  LOAD AS 
FUNCTION OF ASPERITY ANGLE (CERAMIC). 
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FIGURE 9. - FRACTURE I N I T I A T I O N  LOAD AS 
FUNCTION OF ASPERITY ANGLE (CONCRETE). 
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